Abstract. We show that Ambro-Kawamata's non-vanishing conjecture holds true for a quasi-smooth WCI X which is Fano or Calabi-Yau, i.e. we prove that, if H is an ample Cartier divisor on X, then |H| is not empty. If X is smooth, we further show that the general element of |H| is smooth. We then verify Ambro-Kawamata's conjecture for any quasi-smooth weighted hypersurface. We also verify Fujita's freeness conjecture for a Gorenstein quasismooth weighted hypersurface.
Introduction
Complete intersections in weighted projective spaces (WCI's for short) form a natural class of varieties which are particularly interesting from the point of view of higher dimensional algebraic geometry. We refer to [Dol82] , [Mor75] and [Dim86] for a general treatment of these varieties.
Reid [Rei80, Rei87] and Iano-Fletcher [IF00] systematically investigated notable examples of WCI's and started their classification. Several results have been afterwards obtained concerning boundedness and classification, see for example [JK01] , [Che15] , [CCC09] and [PS16] .
The main motivation of this paper is to study the following conjecture in the realm of WCI's, in particular for what concerns the case of Fano and Calabi-Yau varieties.
Ambro-Kawamata's conjecture is known to be true in full generality only in dimension 1 and 2. Several cases have been studied, especially in dimension 3 (see for instance [Xie09] , [BH10] , [H12] and [CJ16] ).
A fundamental divisor on a Fano variety X is an ample Cartier divisor H which is primitive and proportional to −K X . In the classification of Fano varieties, it is important to investigate the properties of the general member of the linear system given by H, see for instance [Amb99] . The second purpose of this note is to study this problem in the case of Fano and Calabi-Yau smooth WCI's.
The main result of this paper is the following. Theorem 1.2. Let X = X d 1 ,...,dc ⊂ P(a 0 , . . . , a n ) be a well-formed quasi-smooth weighted complete intersection which is not a linear cone and H be an ample Cartier divisor on X. Assume that X is Fano or Calabi-Yau. Then |H| = ∅.
Moreover, if X is smooth, then the number of a i = 1 is at least c and the general element of |O X (1)| is smooth.
For a smooth Fano WCI, it was already proved in [PS16, Lemma 3.3 ] that at least two weights are 1, which implies the non-vanishing for a smooth Fano WCI. In addition, it is easy to prove Conjecture 1.1 for any smooth WCI of codimension 1 and 2, see Remark 4.9.
It is particularly interesting that, in the smooth case, we can prove the smoothness of the general member of the fundamental linear system (Corollary 5.3 (ii)). Theorem 1.2 is a direct consequence of Corollaries 5.3 and 5.13. In particular, in Corollary 5.3, we show that if X = X d 1 ,...,dc ⊂ P(a 0 , . . . , a n ) is a smooth wellformed Fano WCI which is not a linear cone, then the number of i for which a i = 1 is at least c + 1. By using this, we can then show that the general element of |O X (1)| is quasi-smooth (from which smoothness follows easily). One can not expect a similar statement for a general member of the fundamental linear system of a singular quasi-smooth WCI, as Example 5.8 shows. We also give a description of the base locus of |O X (1)| in Remark 5.5 and an example whose base locus Bs |O X (1)| is singular and not quasi-smooth in Example 5.6.
In [PS17, Corollary 4 .2], the authors show that for a smooth well-formed Fano WCI X the number of a i = 1 is at least I(X) = a i − d j when c ≤ 2 and write that they expect this to hold for any codimension. As a consequence of Proposition 5.2, we can confirm this expectation, see Corollary 5.11.
In the case of hypersurfaces, we can prove the following stronger result, which is the combination of Propositions 6.2 and 6.3. Theorem 1.3. Let X = X d ⊂ P = P(a 0 , . . . , a n ) be a well-formed quasi-smooth hypersurface of degree d which is not a linear cone.
(1) If H is an ample Cartier divisor on X such that H − K X is ample, then |H| is not empty.
(2) If X is Gorenstein and H is an ample Cartier divisor, then K X + mH is globally generated for any m ≥ n.
The second part of the statement is known as Fujita's freeness conjecture and it has been proven in the smooth setting up to dimension 5 (see [Rei88] , [EL93] , [Kaw97] and [YZ15] ).
1.1. The methods. The above theorems are obtained by studying the arithmetic properties of quasi-smooth WCI's. More precisely, in Section 3, we prove a criterion (Proposition 3.1) for a WCI to be quasi-smooth, which generalizes Iano-Fletcher's criterion in codimension 1 and 2 (see [IF00, Sect. 8]). We then exploit some arithmetic consequences of quasi-smoothness. In particular, Proposition 3.6 motivates the introduction of an h-regular pair (see Definition 4.1) which turns out to be a key tool in our treatment.
Given a positive integer h, a pair (d; a) = (d 1 , . . . , d c ; a 0 , . . . , a n ) ∈ N c × N n+1 is called h-regular if for any I = {i 1 , . . . , i k } ⊂ {0, . . . , n} such that a I := gcd(a i 1 , . . . , a i k ) > 1, either a I | h or there are distinct integers p 1 , . . . , p k such that
By Proposition 3.6, any quasi-smooth (wellformed) WCI X = X d 1 ,...,dc ⊂ P(a 0 , . . . , a n ) gives rise to an h-regular pair (d; a) = (d 1 , . . . , d c ; a 0 , . . . , a n ), where h is the smallest positive integer for which O X (h) is Cartier. Remembering that K X = O X (δ), the non-vanishing for a Fano or Calabi-Yau WCI follows from Proposition 5.12, which says that, if (d; a) is hregular such that a i = d j and a i ∤ h for any i, j, then δ(d; a) > 0. A more accurate statement (Corollary 5.3) is needed to prove that, if X is smooth, then the general element of |O X (1)| is also smooth.
We now spend some words for the case h = 1. In this case, the pair (d; a) is simply called regular. A smooth WCI X gives rise to a regular pair (d; a). The non-vanishing is then equivalent to prove that
where G(a 0 , . . . , a n ) is the Frobenius number of a 0 , . . . , a n , i.e. the greatest integer which is not a non-negative integral combination of a 0 , . . . , a n . In Conjecture 4.8, we speculate that δ(d; a) ≥ G(a 0 , . . . , a n ) for a regular pair (d; a), under some natural assumptions. This would imply Ambro-Kawamata's conjecture for any smooth WCI.
We believe that this conjecture is interesting also from the arithmetic point of view, since it would give new bounds for the Frobenius number (see Section 4.1 for details).
Preliminaries and notation
In this section, we recall some basic facts about weighted complete intersections and fix our notation. See [Dol82] or [IF00] for further details.
Let N (resp. N + ) be the set of non-negative (resp. positive) integers. Let a 0 , . . . , a n ∈ N + . We define P := P(a 0 , . . . , a n ) to be the weighted projective space with weights a 0 , . . . , a n , i.e. P = Proj C[x 0 , . . . , x n ], where x i has weight a i . We denote
l ) for short. Note that if we start with x 0 , . . . , x n to be affine coordinates on A n+1 and C * acting on
for any λ ∈ C * , then P is just the quotient (A n+1 \ {0})/C * . We always assume that P is well-formed, i.e. the greatest common divisor of any n weights is 1. For any I = {i 1 , . . . , i k } ⊂ {0, . . . , n}, the stratum Π I is defined as
The singular locus of P is the union of all strata Π I for which a I := gcd(a i ) i∈I > 1. Any point of the interior Π 0 I of a stratum Π I is locally isomorphic to a quotient singularity of type 1 a I (a 0 , . . . ,â i 1 , . . . ,â i k , . . . , a n ) × C k−1 .
Here, for r ∈ N + and a 1 , . . . , a n ∈ N such that gcd(r, a 1 , . . . , a n ) = 1, a quotient singularity of type 1/r(a 1 , . . . , a n ) means a quotient C n /Z r by the action of a cyclic group Z r of order r as g ·z i = ζ a i r z i for i = 1, . . . , n, where g ∈ Z r is a generator and ζ r is an r-th primitive root of unity. We also denote by C n /Z r (a 1 , . . . , a r ) this quotient affine variety. Let π : C n → U := C n /Z r (a 1 , . . . , a r ) be the quotient morphism. We have an eigen-decomposition
where
Proposition 2.1. The divisor class group of U := C n /Z r (a 1 , . . . , a r ) is
Proof. We have an inclusion ι : Z r · F 1 ֒→ Cl U. It is enough to show that this is surjective. Let D ⊂ U be a prime divisor. Then
We can also check the isomorphism by toric computation. Since C n /Z r (a 1 , . . . , a n ) is a toric variety, we can compute its class group by using the information of the cone and lattice. (cf. [Ful93, 3. 4 Proposition]) More precisely, it is the quotient If X ⊂ P is a well-formed quasi-smooth WCI, then 
Then we have
Proof. See also [Dol82, 3.4.3] . This follows since the homogeneous coordinate ring A is Cohen-Macaulay and we have H 1 m (A) = 0, where m := (x 0 , . . . , x n ) is the maximal ideal.
Properties of quasi-smooth WCI's
In the following proposition, we give a necessary and sufficient condition for quasi-smoothness of a WCI.
Proposition 3.1. Let X = X d 1 ,...,dc ⊂ P(a 0 , . . . , a n ) =: P be a quasi-smooth WCI which is not a linear cone. Let x 0 , . . . , x n be the coordinates of P(a 0 , . . . , a n ). Let F j := |O P (d j )| be the linear system of weighted homogeneous polynomials of degree d j . For j = 1, . . . , c, let f j be a general homogeneous polynomial of degree d j such that X = (f 1 = · · · = f c = 0) ⊂ P(a 0 , . . . , a n ). Let C * X ⊂ A n+1 \ {0} be the cone over X defined by the polynomials f 1 , . . . , f c with the
Without loss of generality, we may assume I = {0, . . . , k − 1} in the statement. Let Π := (x k = · · · = x n = 0) ⊂ A n+1 be the stratum corresponding to I and Π 0 ⊂ Π be the open toric stratum. By expanding f λ for λ = 1, . . . , c in terms of x k , . . . , x n , we can write
Note that X is quasi-smooth if and only if C * X is smooth along all the coordinate strata. We shall show that C * X is smooth along Π 0 when either (Q1) or (Q2) holds for I. Let ρ := ρ I for short.
Suppose that (Q1) holds. Then h p 1 , . . . , h pρ are nonzero on Π 0 . If some of h p j involves only one monomial, then we have Π 0 ∩ C * X = ∅. So we may assume that each of h p 1 , . . . , h pρ involves at least 2 monomials. Thus we see that the linear systems F dp 1 , . . . , F dp ρ do not have base locus on Π 0 . By Bertini's theorem, we
X is nonsingular along Π 0 . Next suppose that (Q2) holds. By permutation, we may assume that p i = i. Then h 1 , . . . , h l are nonzero on Π 0 . Hence the base locus of F d λ is disjoint with Π 0 for λ = 1, . . . , l. By Bertini's theorem, we see that (f 1 = · · · = f l = 0) is nonsingular along Π 0 . We may assume that the Jacobian of (
since we have h λ = 0 for λ = l + 1, . . . , c. Note that the block matrix
Hence it is enough to show that the matrix
has maximal rank c − l.
Note that there are at least k − l elements of K λ := {i ∈ {k, . . . , n} :
is contained in at least k = l+(k−l) free linear systems on k-dimensional Π 0 , and it is empty. Thus we may assume that g k l+1 (P ) = 0. We shall make elementary matrix operations on M P to calculate the rank of M P .
For λ = l + 2, . . . , c, let
. . , n)}. Note that the first row M 1 P and the (λ − l)-th row M λ−l P of M P are linearly dependent if and only if P ∈ Z λ (P ). By condition (Q2) for J with |J| = 2, there are at least k − l nonzero elements of G λ (P ) := {g
. . , n} and they define k − l free linear systems on Π 0 . Hence we obtain Z λ (P ) = ∅ and the two rows M 1 P and M λ−l P are linearly independent. Thus, by elementary operations on M P , we obtain a matrix of the following form; 
By column exchange operations, we may assume that h k+1 l+2 (P ) = 0 and repeat the process to
. . , n}. By condition (Q2) for J with |J| = 3, there are at least k − l nonzero elements of G ′ λ (P ) and they define free linear systems on Π 0 . By this, we again see that the first row and another row of M ′ P are linearly independent.
After repeating these elementary operations, we obtain a matrix of the form 
for some α l+1 , . . . , α c ∈ C \ {0} and see that the rank of M P is c − l. Thus C * X is nonsingular at P ∈ Π 0 .
Suppose that conditions (Q1) and (Q2) do not hold for some I. We shall show that X is not quasi-smooth. We may again assume that I = {0, . . . , k − 1} and Π = (x k = · · · = x n = 0). Moreover, since (Q1) and (Q2) do not hold, we may assume that, for some l < ρ I , we have Π ⊂ (f λ = 0) for λ = 1, . . . , l and Π ⊂ (f λ = 0) for λ = l + 1, . . . , c. Then the singular locus of C * X on Π 0 can be described as
where M P is the matrix defined in (2). By the hypothesis, we may also assume that there exists J ⊂ {l + 1, . . . , c} such that there are at most k − l + |J| − 2 nonzero elements among {g 
Note that, on the bottom row, we have at most k − l − 1 nonzero entries. Hence we obtain
Since the rank of M J P is not maximal on the subset (h
, we see that C * X is singular along the above positive dimensional subset. Hence X is not quasi-smooth in this case. This concludes the proof of Proposition 3.1.
In the following example, we use Proposition 3.1 to check quasi-smoothness of a given WCI.
) be a general WCI of codimension 3. We can check the quasi-smoothness of X 8,8,8 by Proposition 3.1 as follows. Consider I = {4, 5, 6, 7, 8}, that is, a 4 = · · · = a 8 = 3. Then (Q1) does not hold for this I and we have k = 5, l = 0 in (Q2). We can choose {e µ,j : j = 1, 2, 3, µ = 1, . . . , 5} ⊂ {0, 1, 2, 3, 9, 10, 11} so that (Q2) is satisfied for this I. We can similarly check that (Q2) holds for I = {9, 10, 11}. For other I, we have (Q1), thus we see the quasi-smoothness of X 8, 8, 8 .
On the other hand, we see that
, that is, a 7 = a 8 = a 9 = 5, neither (Q1) nor (Q2) hold.
The following proposition treats the special situation where some weight of P divides none of the degrees of a WCI. 
. . , a n ), where deg x i = a i for 0 ≤ i ≤ n. By applying Proposition 3.1 to I = {i 0 }, we see that there exist distinct integers e 1 , . . . , e c ∈ {0, . . . ,î 0 , . . . , n} and positive integers k 1 . . . , k c such that d j = k j a i 0 + a e j for 1 ≤ j ≤ c, i.e. we can write
By the inverse function theorem, we see that X has a quotient singularity of type 1/a i 0 (a 0 , . . . ,â i 0 , . . . ,â e 1 , . . . ,â ec , . . . , a n ) at P i 0 := [0 : · · · : 1 : · · · : 0]. We shall show that g := gcd(a 0 , . . . ,â e 1 , . . . ,â ec , . . . , a n ) = 1. Suppose that g > 1. Proof of the claim. If (**) holds for all j = 1, . . . , c and {x e 1 , . . . , x ec }, then we put c ′ := 0. Otherwise there is some j such that 1 ≤ j ≤ c and (*) holds for {x e 1 , . . . , x ec }. We then exchange (f 1 , e 1 ) and (f j , e j ) and repeat the same process starting from j = 2 till we obtain the claim, that is, check whether (**) holds for new {f 2 , . . . , f c } and {e 2 , . . . , e c } and so on. i . Then we have a e j ≡ i =e j ,...,ec b i a i mod a i 0 . Thus we can check one by one that
We have Π ⊂ Sing P, in particular Π = P.
We also have
This contradicts the fact that X ⊂ Π since X is not a linear cone. Hence we obtain g = 1, concluding the proof of Proposition 3.4.
The following proposition is useful for calculating the fundamental divisor of a WCI and is the motivation of the definition of h-regular pair (see Definition 4.1).
Proposition 3.6. Let X = X d 1 ,...,dc ⊂ P(a 0 , . . . , a n ) be a quasi-smooth wellformed WCI which is not a linear cone. Let H = O X (h) be the fundamental divisor of X. Assume that there exists I = {i 1 , . . . , i k } such that a I := gcd(a i 1 , . . . , a i k ) > 1.
Then one of the following holds:
Proof. We apply Proposition 3.1 to I = {i 1 , . . . , i k }. Let
be the (k − 1)-dimensional stratum corresponding to I and P 0 I ⊂ P I be the open toric stratum.
Suppose that condition (Q1) in Proposition 3.1 holds, that is, there exist distinct integers p 1 , . . . , p k and non-negative integers k j,i for j = 1, . . . , k and i ∈ I such that d p j = i∈I k j,i a i . Then we have (i) in this case.
Suppose that (Q2) holds. Then there exist a permutation p 1 , . . . , p c of {1, . . . , c}, an integer l < ρ := min{c, k}, non-negative integers k j,i for j = 1, . . . , c and i ∈ I, and distinct integers e l+1 , . . . , e c , which satisfy the following;
• for j = 1, . . . , l, we have i∈I k j,i a i = d p j , • for j = l + 1, . . . , c, we have a e j + i∈I k j,i a i = d p j .
We may assume that (f p j = 0) ∩ P 0 I = ∅ since X is irreducible and the linear system |O P (d p j )| does not have a fixed component. Hence, on p ∈ X ∩ P 0 I , the variety X is analytic locally isomorphic to a quotient singularity of type 1 a I (a 0 , . . . ,â i 1 , . . . ,â i k , . . . ,â e l+1 , . . . ,â ec , . . . , a n ) × C k−l .
Now the proof is reduced to the following claim.
Claim 3.7. We have g := gcd(a 0 , . . . ,â e l+1 , . . . ,â ec , . . . , a n ) = 1.
Proof of Claim. Suppose that g > 1. We shall have a similar contradiction as in the proof of Proposition 3.4. As in Claim 3.5, up to a permutation of {1, . . . , c}, we may choose c ′ with l + 1 ≤ c ′ ≤ c with the following properties: (*) For j = l + 1, . . . , c ′ , some monomial in g j does not contain any element of {x e j , . . . , x ec }. (**) For j = c ′ +1, . . . , c, every monomial in g j contain some of {x e c ′ +1 , . . . , x ec }.
Let Π := (x e c ′ +1 = · · · = x ec = 0) ⊂ P. Then, as in Proposition 3.6, we see that f j | Π ≡ 0 for j = c ′ + 1, . . . , c and Π ⊂ Sing P(a 0 , . . . , a n ) since g | a i for i / ∈ {e c ′ +1 , . . . , e c }. Thus we have dim Π ∩ X ≥ dim P − c as before and it contradicts that X ⊂ Π since X is not a linear cone. Thus we obtain the claim.
The sheaf O X (1) induces a generator of the class group of a quotient singularity of the above type. Since the class group is a cyclic group of order a I as in (1), we see that a I | h. Thus we finished the proof of Proposition 3.6.
The following corollary restricts Proposition 3.6 to the smooth case. Then there exist distinct integers p 1 , . . . , p k such that
Proof. Since X is smooth, the fundamental divisor of X is O X (1), that is h = 1 in the notation of Proposition 3.6. Thus the statement follows from Proposition 3.6.
Regular pairs and Frobenius coin problem
The following definition is motivated by Proposition 3.6 and Corollary 3.8.
Definition 4.1. Let c ∈ N and n ∈ Z ≥−1 be integers and (d; a) be a pair, where
+ and a = (a 0 , . . . , a n ) ∈ N n+1 + . Letc + := {1, . . . , c} and n := {0, . . . , n}.
We say that (d; a) is h-regular for a positive integer h if, for any subset I = {i 1 , . . . , i k } ⊂n such that a I := gcd(a i 1 , . . . , a i k ) > 1, one of the following holds:
(i) There exist distinct integers p 1 , . . . , p k ∈c
If a pair is h-regular for h = 1, we simply call it regular.
Remark 4.2. For technical reasons, in Definition 4.1 we admit the cases c = 0 or n = −1, i.e. pairs of the form (d; ∅), (∅; a) and (∅, ∅).
We need to fix some notation. If (d; a) is a pair with d = (d 1 , . . . , d c ) ∈ N c + and a = (a 0 , . . . , a n ) ∈ N n+1 + , then we define
In the case where the pair (d; a) comes from a well-formed quasi-smooth WCI X = X d 1 ,...,dc ⊂ P(a 0 , . . . , a n ), we have
Let q be a prime number. Set I q := {i ∈n : q | a i } and J q := {j ∈c
in which we divided by q all the divisible d j and a i and the pair (d(q), a(q)) is given by d(q) := (d j ) j∈Jq , a(q) := (a i ) i∈Iq in which only the divisible d j and a i appear. Note that 
that is, we cancel the doubles (d j , a i ) with d j = a i .
Lemma 4.4. The pair (d;ã) is h-regular if (d; a) is h-regular.
Proof. Let I := {i 1 , . . . , i k } ⊂n \ I (d;a) be a subset with a I > 1. Since (d; a) is h-regular, either (i) holds for some {p 1 , . . . , p k } ⊂c + or (ii) holds. In the latter case, there is nothing to check. Thus we consider the former case and need to find p
Then we have |I
′ | = |J ′ | =: l ′ . Let I ′′ := I ∪ I ′ . By a I = a I ′′ , there exist distinct integers p 1 , . . . , p k+l ′ ∈c + such that a I | d p j for j = 1, . . . , k + l ′ . Then the set {p 1 , . . . , p k+l ′ } \ J ′ contains k elements p ′ 1 , . . . , p ′ k ∈c + \ J (d;a) such that a I | d p ′ j for j = 1, . . .
, k. Thus (i) holds for (d;ã) and I. Hence we see that (d;ã) is h-regular.
The following straightforward lemmas show how h-regular pairs are very suitable for inductive arguments.
Lemma 4.5. Let (d; a) be an h-regular pair and q be a prime not dividing h. Then the pairs (d q ; a q ) and (d(q); a(q)) are h-regular. Hence (d(q)/q; a(q)/q) is also h-regular.
Proof. We write the details for the pair (d q ; a q ). The proof for (d(q); a(q)) is easier.
Let I = {i 1 , . . . , i k } ⊂n such that a I := gcd(a i 1 , . . . , a i k ) > 1. By the hregularity of (d; a), we have either condition (i) of Definition 4.1, i.e. there exist distinct integers p 1 , . . . , p k such that
If q | a I , then we have q | a i ℓ for all i ℓ ∈ I and a I ∤ h. Thus we have (i) and
If q ∤ a I , then gcd((a i /q) i∈I ′ q , (a i ) i∈(I\I ′ q ) ) = a I where I ′ q := {i ∈ I : q | a i }. If a I | h, then there is nothing to prove, so we can assume that a I ∤ h and that (i) holds. Since q ∤ a I , we get that a I divides (d q ) p j for j = 1, . . . , k. This concludes the proof. Lemma 4.6. Let (d; a) be an h-regular pair and q be a prime dividing h.
Proof. We give the proof for the pair (d q ; a q ). Consider a set I = {i 1 , . . . , i k } ⊂n such that a I := gcd(a i 1 , . . . , a i k ) > 1 and let a Question 4.7 (Frobenius coin problem). Given positive integers a 0 , . . . , a n such that gcd(a 0 , . . . , a n ) = 1, find the largest integer G = G(a 0 , . . . , a n ) so that there do not exist nonnegative integers x 0 , . . . , x n satisfying G = a 0 x 0 + . . . + a n x n .
Such G is called the Frobenius number of a 0 , . . . , a n .
For n = 1, it is classically known that
For n ≥ 2, the problem is considerably harder: precise methods have been developed to compute G(a 0 , a 1 , a 2 ) and some algorithms and (lower and upper) bounds are known for the general case (see for instance [Joh60] and [BS62] ).
By Lemma 2.4, Ambro-Kawamata's conjecture for smooth WCI would follow from the following purely arithmetic statement, which we believe to be of independent interest.
be a regular pair such that a i = 1 and d j = a i for any i, j. Assume c ≤ n and gcd(a 0 , . . . , a n ) = 1. Then δ(d; a) ≥ G(a 0 , . . . , a n ).
One of the best known lower bounds for G is given in [Bra42] . Let a 0 , . . . , a n be positive co-prime integers, set g j := gcd(a 0 , . . . , a j ) for j = 0, . . . , n and consider
Brauer proved that Br(a 0 , . . . , a n ) ≥ G(a 0 , . . . , a n ). Set d j := a j g j−1 g j for j = 1, . . . , n. Then it is easy to check that (d; a) := (d 1 , . . . , d n ; a 0 , . . . , a n ) is actually a regular pair.
On the other hand, it is not difficult to see that, considering big prime numbers p and q, the pair (pq, 6p, 6q; 2p, 3p, 2q, 3q) is regular, δ(d; a) ≥ G(a 0 , . . . , a n ), but δ(d; a) < Br(a 0 , . . . , a n ).
This shows that regular pairs can give better bounds for the Frobenius number with respect to the known ones. For this reason, it seems to be a challenge and interesting problem to study Conjecture 4.8.
Remark 4.9. It is not difficult to check that Conjecture 4.8 is true for c = 1, 2, which implies that the non-vanishing holds for a smooth WCI of codimension 1 or 2. For simplicity, we omit the detail in codimension 2 case.
For c = 1, a stronger and more general result is given in Lemma 6.1, which is the key step to prove Theorem 1.3. Proof. Note that c ≥ n + 1 which does not occur for a non-empty WCI.
Assume first that q is the only prime dividing the a i 's, that is for any i = 0, . . . , n, we have a i = q α i for some α i ≥ 1. We can assume that a 0 ≥ a 1 ≥ . . . ≥ a n . We can also order the d j 's in such a way that
and the equality is possible only if c = n + 1, d j = 2q and a i = q for any i, j.
Assume now that q = 2 and that q and 2 are the only primes dividing the a i 's, that is for any i = 0, . . . , n we have a i = 2 α i q β i for some α i ≥ 0 and β i ≥ 1 such that α i > 0 for at least one i. We proceed by induction on t = max 0≤i≤n {β i }, the greatest power of q dividing at least one a i .
Suppose t = 1. We can assume that
Then again a i |d i+1 for any i = 0, . . . , n and we conclude as before.
Suppose t ≥ 2. Let I q t := {i ∈n : q t | a i } and J q t := {j ∈c 
By induction on t, we may assume that we have
because q ≥ 3. The equality is possible only if we have it for both (d ′ ;ã ′ ) and (d ′′ ; a ′′ ). This implies by induction on t that c = n + 1 in this case.
We now pass to the general case. For any prime p, different from q and 2, let e p := max{e ∈ N : p e |a i (∃i)}. The proof is by induction on D = p e p , where the index varies over all prime numbers different from q and 2. The case D = 0 has already been treated in the first part of the proof. So assume D ≥ 1 and that the inequality holds up to D − 1. Consider (d p ; a p ) and let
Let us again consider the pair (d p ;ã p ) as in Definition 4.3 by removing subsets
where s := |{j ∈c + : p|d j }|. We see that m p ≤ s by the definition of m p . Let s ′ := |{i ∈n : p|a i }|. We see that s ′ ≤ s by the regularity of (d; a) and that m p ≤ s ′ by the definition ofm p . Thus we havem p ≤ s. By these inequalities and p ≥ 3, we conclude that
as we wanted. Again, the equality is possible only if c = n + 1.
By using Lemma 5.1, we prove the following key proposition.
be a regular pair such that a i > 1 and a i = d j for any i, j. Then the following holds.
(i) We have
(ii) If gcd(a 0 , . . . , a n ) = 1, then the equality holds only if (d; a) is of the form (6 (s) , 1 (c−s) ; 2 (s) , 3 (s) ) for some integer s.
Proof. (i)
The proof is by induction on n, the case n = 0 being obvious. We can assume that no prime divides every a i , otherwise we are in the case of Lemma 5.1. In particular, we may assume that there is a prime q = 2 which divides some a i . Let m := |{j ∈c
We note that m ≤ s by definition and ℓ +m ≤ s by the regularity.
(Case 1) Suppose that ℓ+m+m ≥ 1. Then the pair (d q ; a q ) has some redundant a i , in the sense that a i /q = 1, d j /q = a i or d j = a i /q for some i, j. That is, we consider a regular pair (d q ,ã q ) and, by removing allã
for someĉ ≤ c andn ≤ n. Note thatn < n by the hypothesis ℓ + m +m ≥ 1. Let ℓ 1 := |{j ∈c
By applying Lemma 5.1 to (d(q), a(q)), we obtain δ(d(q); a(q)) ≥ sq.
By these and ℓ + m +m ≤ 2s, we obtain
(Case 2) Suppose now that ℓ + m +m = 0. Then the pair (d q ; a q ) satisfies the assumptions of the proposition. We note that
since we have δ(d(q); a(q)) > 0 by Lemma 5.1. So we can replace the pair (d; a) with (d q ; a q ) without changing the number c of j's and we can repeat the argument from the beginning of the proof (possibly changing the prime q) till either we end up in (Case 1) or we reach the situation of Lemma 5.1. In both cases, we are done and obtain (6).
(ii) We now study when the identity holds in the case gcd(a 0 , . . . , a n ) = 1.
Note that the case n = 1 is clear, being equivalent to ask a 0 a 1 − a 0 − a 1 = 1.
Assume n ≥ 2 and let q = 2 be a prime number such that q | a i for some i. We shall follow the proof of the inequality. In particular, we look at
With the same notation as above, we note that the equality can hold only if we are in (Case 1) and, by Lemma 5.1, the number |{i ∈n : q | a i }| must be equal to s = |J q |. Moreover we obtain q = 3 by (7). This implies that the only possible prime numbers that divide at least one a i are 2 and 3. We must also have m = s and ℓ +m = s. By m = s, we see that any d j /3 ∈ N must be equal to some a i which is not divisible by 3. Hence we can write
for some non-negative integers α i and β i . Then
Also note that ℓ +m = s implies that n + 1 − s = |{i ∈n : 3 | a i }| = ℓ +m = s, thus n + 1 = 2s. By the regularity of (d(3); a(3)) and the assumption d j = a i for any i, j, to have the equality δ(d(3); a(3)) = 3s we need β j = 1 for j = 1, . . . , s and α i = 0 for i = s + 1, . . . , n + 1, which implies (ii) By the latter part of Proposition 5.2, we can assume that X is not of the form X 6,...,6 ⊂ P(2 (c) , 3 (c) , 1 (c) ), otherwise the conclusion is immediate. In particular, we may assume c 1 ≥ c + 1.
By (i), we see that |O X (1)| = ∅. Since X is smooth and well-formed, we have Sing P(a 0 , . . . , a n ) ∩ X = ∅. Thus H ∩ Sing P(a 0 , . . . , a n ) = ∅. Hence it is enough to check H is quasi-smooth at P := Π(p), where p ∈ Π −1 ((x 0 = . . . = x c 1 −1 = 0) ∩ X) and Π : A n+1 \ {0} → P(a 0 , . . . , a n ) is the quotient map. Set H i := X ∩ (x i = 0) for i = 0, . . . , c 1 − 1. We shall look at the Jacobi matrices of X and H i ⊂ P(a 0 , . . . , a i−1 , a i+1 , . . . , a n ). Let f 1 , . . . , f c be the defining equations of X such that deg
The Jacobi matrix J X (p) and J H i (p) of X and H i can be written as
. Since X is quasi-smooth, there exist linearly independent vectors
Since c 1 ≥ c + 1, we can choose i so that i / ∈ {i 1 , . . . , i c }. Then we see that H i is quasi-smooth at P := Π(p). Thus a general member H is also quasi-smooth at P .
Remark 5.4. Let X ⊂ P(a 0 , . . . , a n ) be a smooth WCI as in Corollary 5.3. For I ⊂n such that a I = 1, it may a priori happen that (Q1) does not hold, but (Q2) holds. That is why we make an argument as in Corollary 5.3 (ii). a c 1 , . . . , a n ).
Thus the base locus is again a WCI. However this is not necessarily (quasi-)smooth in general. We shall see this in Example 5.6. Example 5.6. Let X := X 231,231,26 ⊂ P := P(3, 3, 7, 7, 11, 11, 1 (447) ) be a general WCI. We can check that this is a smooth Fano WCI as follows: for I = {0, 1}, {2, 3} or {4, 5}, (that is, two variables of weights 3, 7 or 11), we have (Q1) for d 1 = 231, d 2 = 231. Also, for I = {0, 1, 2, 3} or {0, 1, 4, 5}, we have (Q1) for d 1 = 231, d 2 = 231, d 3 = 26 since 26 = 7 · 2 + 3 · 4 = 11 + 3 · 5. For I = {2, 3, 4, 5}, we have (Q2) for d 1 = 231, d 2 = 231, d 3 = 26 = 7 · 2 + 11 + 1. By Proposition 3.1, we see that X is quasi-smooth, and smooth since X ∩ Sing P = ∅.
The base locus Bs |O X (1)| is a WCI Y := Y 231,231,26 ⊂ P ′ := P(3, 3, 7, 7, 11, 11). This is not quasi-smooth. Indeed, for I = {2, 3, 4, 5}, neither (Q1) nor (Q2) holds because of the lack of suitable degree 26 polynomials. In fact, Y is a non-normal surface singular along a curve (x 0 = x 1 = f 1 = f 2 = 0) ⊂ P ′ , where f 1 , f 2 are part of defining polynomials of degrees 231 and x 0 , x 1 are the variables of weights 3.
Hence we can not expect smoothness of the base locus of the fundamental linear system even if it contains a smooth member.
Remark 5.7. Let W = W d 1 ,...,dc ⊂ P(a 0 , . . . , a n ) be a smooth WCI which is not a linear cone, where a i > 1 for any i = 0, . . . , n. By Corollary 5.3 we know that W is not Fano. Then we can consider a WCI X = X d 1 ,...,dc ⊂ P(a 0 , . . . , a n , 1 (ℓ) ) where ℓ = δ(W ) + 1. In this way X is a smooth Fano with −K X = O X (1) and Bs |O X (1)| is exactly W .
In Corollary 5.3 we showed that for a smooth Fano WCI, the general member of the fundamental divisor is quasi-smooth. This is not true in general for a quasi-smooth Fano WCI as the following example shows.
Then X is a quasismooth Fano WCI with fundamental divisor O X (6), but X 35,6 ⊂ P(5, 7, 2 (k) , 3 (k) ) is not quasi-smooth. However, we see that a general member of |O X (6)| has only terminal singularities. Indeed it has an isolated singularity at [ * : * : 0 : · · · : 0] which is locally isomorphic to 0 ∈ (x
It is also natural to look at the general element of | − K X | in the case of a Fano variety X. Example 5.9. (cf. [San14, Example 2.9]) For m ∈ Z >0 , let X = X (2m+1)(2m+2) ⊂ P(1 (1+2m(2m+1) ) , 2m + 1, 2m + 2) be a weighted hypersurface of degree (2m + 1)(2m + 2). Then we see that −K X = O X (2) and the linear system |−iK X | does not contain a smooth member for i = 1, . . . , m. Thus we can not expect a smooth element of the pluri-anticanonical system on a Fano manifold. However, in the above example, we can find a member with only terminal singularities. Moreover, the base locus of |H| consists of a point. Proof. Consider the regular pair (d; a) associated with X. We may assume that a 0 ≤ · · · ≤ a n , so that a 0 = · · · = a c 1 −1 = 1. Let (d ′ ; a ′ ) be the pair (d; a c 1 , . . . , a n ), where we took away the 1's from (d; a). This pair is regular with no a i = 1 and so by Proposition 5.2 we get
i.e. I(X) < c 1 , as we wanted.
General case.
The following is a key proposition to deduce the non-vanishing in the quasi-smooth Fano case. Let p be a prime number dividing h and consider (dThe proof of the lemma is by induction on n and the case n = 1 is trivial, so assume n ≥ 2. Let s, t ∈n be such that s = t. for s ′ , t ′ ∈n\{s, t} such that s ′ = t ′ by induction on n and lcm(a s ′ , a t ′ )−a s ′ −a t ′ ≥ 0 because we are assuming that a i ∤ h for any i.
Proposition 6.2. Let X = X d ⊂ P = P(a 0 , . . . , a n ) be a well-formed, quasismooth hypersurface of degree d which is not a linear cone. Let H be an ample Cartier divisor on X such that H − K X is ample.
Then |H| is not empty.
Proof. Write O X (H) = O X (h) for a positive integer h. By Proposition 3.4, we can assume that a i | d for any i. Then X is a Cartier divisor which intersects any stratum P {i,j} in some interior point. The condition of H to be Cartier is then equivalent to lcm i =j (gcd(a i , a j )) | h.
If there exists a i such that a i | h, then we are done. So assume that a i ∤ h for any i and let f := lcm(a 0 , . . . , a n ). By Lemma 6.1, we get f − n i=0 a i ≥ lcm(a s , a t ) − a s − a t for any s and t. Since h > f − n i=0 a i (because H − K X is ample and f | d) and g := gcd(a s , a t ) | h for any s = t, we can use the Frobenius number G(a s /g, a t /g) = 1 g (lcm(a s , a t ) − a s − a t ) as in Section 4.1 to conclude that there are non-negative integers λ s , λ t such that λ s a s + λ t a t = h, which implies that |H| is not empty by Lemma 2.4.
In the following, we prove the base-point freeness on a Gorenstein weighted hypersurface.
Proposition 6.3. Let X = X d ⊂ P = P(a 0 , . . . , a n ) be a well-formed, quasismooth hypersurface of degree d which is not a linear cone such that K X is Cartier. Let H be the fundamental divisor of X and h be the positive integer such that H = O X (h).
Then L = K X + mH is globally generated for any m ≥ n.
Proof. Suppose by contradiction that there is a point p = [p 0 : · · · : p n ] ∈ Bs |L| and take ℓ such that L = O X (ℓ). Note that if p s = 0 for some s, then a s ∤ h, otherwise x e s ∈ |L| for some positive integer e and so p / ∈ Bs |L|. Also note that, for all i ∈n such that a i ∤ h, we have a i | d by Proposition 3.4.
Assume first that there exists a unique s ∈n such that p s = 0. Since p ∈ X and a s ∤ h, we get that a s | d. Hence we can assume that there exist s and t such that s = t, p s = 0 and p t = 0, thus a s , a t ∤ h. We have
Assume that − a i |h a i + mh ≥ 1. Since a i | d for all i such that a i ∤ h, we can apply Lemma 6.1 to conclude that ℓ > lcm(a s , a t ) − a s − a t , which implies that x es s x et t ∈ |L| for some non-negative integers e s and e t . So we again have p / ∈ Bs |L|. Assume now that − a i |h a i + mh ≤ 0. Then we can check that |{i : a i = h}| ≥ n − 1, because m ≥ n. Moreover, since P is well-formed, the greatest common factor of any n weights is 1. By these, when |{i : a i = h}| = n, we have h = 1 and P = P(a 0 , 1, . . . , 1) for some a 0 > 1. When |{i : a i = h}| = n − 1, we have h = 2 and P = P (1, 1, 2, . . . , 2) . In both cases, we can check that L is base point free, and we have derived a contradiction.
